Abstract: Failure mode and effects analysis (FMEA) is a popular and useful approach applied to examine potential failures in different products, designs, processes, and services. As a vital index, the risk priority number (RPN) can determine the risk priorities of failure modes by some risk factors such as occurrence (O), severity (S), and detection (D). However, in FMEA, the traditional risk priority number approach has some shortcomings, especially in setting the weight of risk factors. This paper presents an improved risk priority number approach based on a fuzzy measure and fuzzy integral. A fuzzy measure is used to reflect the importance of the individual indicators and the indicator set and a fuzzy integral is a nonlinear function defined on the basis of fuzzy measure. The weights of risk factors given by domain experts are seen as fuzzy densities to generate a λ-fuzzy measure which can reflect the weights' difference and relevance about risk factors. Then, the Choquet integral is used to fuse every value of risk factors about failure modes so as to obtain the comprehensive evaluation result. The result can reflect the comprehensive risk level, so it has a definite physical significance. Finally, an illustrative example and a comparison with another approach are given to show the effectiveness of the proposed approach in the paper.
Introduction
As an important branch of reliability analysis, failure mode and effects analysis (FMEA) is a methodical way to examine a proposed design in which failure is possible [1] [2] [3] [4] . Failure mode refers to a form of system failure or system malfunction and effects analysis is used to research the impact on the total system when a local system is unable to work [5] . The main purpose of FMEA is to define, identify, and eliminate potential failure or problems in different products, designs, systems, and services [6, 7] . FMEA not only can provide a basis to help designers improve or upgrade their scheme to reduce the loss but also can help decision makers to formulate corresponding preventive measures or improve the emergency response capability [8] [9] [10] . Nowadays FEMA has been widely used in many industry fields including aerospace, chemical, engineering, design mechanical, medical, and so on [11] [12] [13] [14] [15] [16] [17] [18] .
Risk priority number (RPN) is a popular way to evaluate risk priority in traditional FMEA [19] [20] [21] . RPN is usually expressed as : PRN = O × S × D, where O, S, and D are three main risk factors which denote the occurrence (O) of a failure mode, the severity (S) of a failure effect, and the probability of not being detected (D), respectively [22] . A failure mode should be paid more attention and be more important if the value of RPN is higher than others. However, RPN has some shortcomings especially in transforming linguistic variable and considering the difference of weight about risk factors. Therefore, lots of methods are proposed to improve FMEA, such as evidence theory [23] [24] [25] , expert system [26, 27] , uncertainty measure [28] , hybrid approaches [29] , fuzzy set theory [30, 31] , and so on [32] .
The issue with linguistic variable transforming is how to precisely evaluate the three risk factors by RPN. In many cases, the risk factors given by experts are expressed as a linguistic variable rather than the exact numbers [33] . Fuzzy set theory, proposed by Zadeh in 1965 [34, 35] , makes use of membership to measure the degree of fuzzy linguistic variables and is a precise way to solve the uncertainty of information [36] [37] [38] [39] . For the issue of setting the weight of risk factors by RPN, the three risk factors are multiplied, which means occurrence, severity, and detection have the same weight. It can be thought that the three factors are independent and equally important. However, in many practical situations the difference in weight must be considered. For example, to some extent the failure mode with a high frequency is easily detected, so the weights of risk factors are related; in some systems decision makers pay more attention to the severity of a failure effect. Therefore, the difference and relevance of risk factors' weights should be considered.
In this paper, a method is proposed to improve risk priority number based on a fuzzy measure and fuzzy integral, which can effectively reflect the weights' difference and relevance of risk factors. The weights of risk factors given by domain experts are regarded as fuzzy densities to generate a λ-fuzzy measure that can take the difference and relevance of risk factors' weights into consideration. Then, the Choquet integral is applied to fuse every value of the risk factors in order to obtain the comprehensive evaluation result. When the proposed method is applied to FMEA, it has achieved desired results. The proposed method provides a more reasonable and effective method for FMEA.
The rest of this paper is organized as follows. We give a literature review of the traditional FMEA method, fuzzy set theory, fuzzy measure, and fuzzy integral in Section 2. Section 3 is about the proposed method of FMEA under a fuzzy environment, using a fuzzy measure and fuzzy integral. An illustrative example and the comparison with another approach are given to show the effectiveness of the proposed approach in Section 4. Section 5 provides a brief conclusion.
Preliminaries

Risk Priority Number
RPN is a widely used evaluation method in FMEA. In the traditional RPN method, it only considers the three factors occurrence (O), Severity (S) and Detection (D), and these factors are mutually independent. Therefore, multiplication is used in the original RPN equation [19, 40] . The three risk factors are divided to 10 levels, as shown in Tables 1-3 . FMEA process based on the RPN approach is as follows. (1) First, the domain experts sort out some types of failure mode that the system may exist in according to the system's design methods, materials, structure, and other information. (2) Then, the experts evaluate a potential failure model and give the evaluation results about occurrence frequency, severity degree, and detection difficulty, expressed as an integer from 1-10 and described in Tables 1-3 , which are denoted as x O , x S and x D . (3) Next, the three evaluation indexes of every failure mode are multiplied:
the V represents the final evaluation result of the failure mode. The higher the value of V is, the higher the risk is. According to the value of V, we can sort all failure modes to identify the high risk failure mode. (4) Finally, the domain experts or decision makers can develop preventive measures and an emergency response plan for every failure model depending on the degree of risk and importance. By repeating the above steps (1)-(4), we can realize continuous optimization to improve the reliability and risk resistance capacity of the whole system. It can be found that the risk priority number is a simple, intuitive, and easy way to realize FMEA. However, there are some shortcomings and problems needing to be solved further, which mainly includes the following aspects:
• PRN only considers three risk factors including occurrence (O), severity (S), and detection (D) but it ignores some impacts of the other risk factors.
• PRN does not consider the frequency of occurrence, degree of severity, and difficulty of detection to have different importance. It simply assumes that they have the same weight or importance.
• The evaluation of the failure model is only based on the evaluation level from 1-10, without considering that uncertainty will impact the assessment process.
• The final evaluation result (V) is only used to sort the failure mode, without a clear physical quantity that can actually react to the specific risk level of the failure mode.
• Different values of the risk factors may lead to the same V. It hides the potential risk type's difference about failure modes. Minor effect on product or system performance 3
Very mintor Very minor effect on product or system performance 2
None
No effect 1 Table 3 . Traditional FMEA scale for detection [41] .
Detection Criteria: Likelihood of Detection by Design Control Rank
Absolute uncertainty Design control does not detect a potential cause of failure 10 or subsequent failure mode, or there is no design control
Very remote
Very remote chance the design control will detect a 9 potential cause of failure or subsequent failure mode
Remote
Remote chance the design control will detect a potential 8 cause of failure or subsequent failure mode
Very low
Very low chance the design control will detect a potential 7 cause of failure or subsequent failure mode
Low
Low chance the design control will detect a potential 6 cause of failure or subsequent failure mode
Moderate
Moderate chance the design control will detect a potential 5 cause of failure or subsequent failure mode
Moderately high
Moderately high chance the design control will detect 4 a potential cause of failure or subsequent failure mode
High
High chance the design control will detect a potential 3 cause of failure or subsequent failure mode
Very high
Very high chance the design control will detect a potential 2 cause of failure or subsequent failure mode
Almost certain
Design control will almost certainty detect a potential 1 cause of failure or subsequent failure mode
Fuzzy Set Theory
Fuzzy set theory is an effective approach developed by Zadeh to solve some problems of fuzzy concept and fuzzy phenomenon which can not be described by boolean logic or finite multivalued logic [42] . Now fuzzy set theory has been extensively applied in many fields [43] [44] [45] [46] . It has some advantages over classical set theory when estimating vagueness of concepts by subjective judgments [47, 48] . Definition 1. Let X be the universe of discourse, X = {x 1 , x 2 , · · · , x n } , a fuzzy set Â defined on a universe X is characterized by a membership function Â, which can be denoted as:
where µ A (x) −→ [0,1] is the membership function of A. The membership value µ A (x) describes the degree of x∈ X in A. The bigger µ A (x), the stronger the degree of membership for x in A.
Linguistic variable is used to express ambiguous and qualitative date for FMEA [49] . In many situations, the degree ratings of failure and weights of risk factors given by experts are in the form of linguistic variable [50] .
Fuzzy Measure and Fuzzy Integral
A fuzzy measure, also known as a non-additive measure, is a concept that is relative to the classical additive measure or probability measure. A fuzzy measure was first proposed as a set function to use monotonicity to instead of additivity [51, 52] . Fuzzy measure can represent the importance of the individual indicators and the indicator set, so it can exactly describe the subjective evaluation and cognition of human beings [53] . The λ-fuzzy measure and 2-order additive fuzzy measure are common fuzzy measures. The fuzzy measure removes the columnable additivity conditions in the probability measure, which is defined as follows. Definition 2. Let X be a nonempty finite set. P(X) represents the power set of X. µ: P(X)→[0,1] is defined a set function in P(X) as a fuzzy measure, when µ meets the following conditions:
The monotonicity of fuzzy measure (the last condition in the definition) can replace the additive in the classical measure. In a fuzzy measure, a λ-fuzzy measure is defined as follows.
Definition 3.
Let µ be a fuzzy measure defined on P(X), We define µ is a λ-fuzzy measure if µ meets the following conditions:
of which A, B ∈ P(X), A ∩ B = ∅, λ > −1.The measure µ (x i ) of singleton set on X is defined as important measure or fuzzy density,|X| = n, i = 1,. . . ,n.
It is easy to obtain the corresponding unique λ-fuzzy measure according to a set of fuzzy density by the following equation
of which λ > −1 and λ = 0. When λ = 0, the fuzzy measure degenerates into a classical additive measure. A fuzzy integral is a nonlinear function defined on the basis of a fuzzy measure [54] . A fuzzy integral was proposed as an integrated operator based on the index fuzzy measure. Because fuzzy integral operators do not need to assume that the indicators are independent, they are widely used in subjective evaluation of correlation among evaluation indexes. The common fuzzy integrals are the Choquet integral and the Sugeno integral [55] [56] [57] , which can be used to achieve data fusion based on a fuzzy measure. The Choquet integral is a strict generalization of the Lebesgue integral and it is more stable when applied to fuse data [58] . The definition of the Choquet integral is given below.
Definition 4.
Define f is a nonempty finite set non-negative function of a nonempty finite set X = x 1 , . . . , x n , f : X→[0,+∞]. µ is the fuzzy measure on P(X) and the Choquet integral of f about µ is defined as:
of which f(x 0 ) = 0, and A i = {x i ,x i+1 ,. . . ,x n }. Without loss of generality, we assume f(
. If the assumption is not satisfied, the element of X is reordered as {x i * , x i * , . . . , x i * } so as to make the corresponding function value f(x i * ) meet the assumation.
The Proposed Model
As we known, RPN is used to determine the risk priorities in FMEA. However, the RPN approach is difficult in accurately evaluating the relevance of the three risk factors and does not consider the difference of risk factors weights. We need obtain the weights' values but the weight of risk factors are often expressed as vague linguistic variables such as important, very high, and so on. So we need to transform them into values. Fuzzy set theory is a useful approach to get specific values from vague linguistic variables. Then we should consider the relevance and weights' difference of risk factors. This paper proposes a method to improve RPN approach based on a fuzzy measure and fuzzy integral. Because fuzzy integrals do not need to assume the indicators are independent of each other, so a fuzzy integral is widely used in subjective evaluation problems where evaluation indexs are associated. In order to precisely and reasonably simulate the weights' difference of the risk factors in FMEA, this paper uses a fuzzy measure to build a model for the weights of the occurrence, severity, and detection. The weights of risk factors given by domain experts are seen as fuzzy densities to generate a λ-fuzzy measure which can take the relevance and weights' difference of risk factors into consideration. Then, the Choquet integral is used to fuse the evaluation results of the three factors and we can get the final comprehensive evaluation value of the failure mode. The main process is shown in Figure 1 . As shown in Figure 1 , the method proposed in this paper mainly includes four key steps. The Choquet integral, by Equation (5), is applied to fuse x O , x S , and x D based on µ λ and the evaluation value by domain experts. Then we can obtain the comprehensive evaluation value x c , which reflects the comprehensive risk level of the failure mode. Next, rank the failure mode by x c to find the high-risk failure mode. 4. Prevent and improve failure mode. Domain expert and decision makers can formulate corresponding preventive measures by the ranking. Repeating above steps, the system will be optimized continuously and the reliability will be improved.
An Illustrative Example
In this section, the proposed method is applied to FMEA to prove its effectiveness. The example and data are from the literature [59] . The example is about a grade A class three hospital that uses FMEA for its medical risk management in order to reduce medical accident and iatrogenic disease. Literature [59] used an extended VIKOR method under a fuzzy environment to get the matrix and weight of every risk factors. The steps of risk evaluation in FMEA are shown as follows:
Step 1: Identify the risk assessment objective. The hospital wants to identify some important failure modes in the general anaesthesia process. After discussion and screening, it identified six possible failure modes which are denoted as FM 1, FM 2, FM 3, FM 4, FM 5, and FM 6.
Step 2: Organize five experts as a team. The five experts are denoted as DM 1, DM 2, DM 3, DM 4, and DM 5 to evaluate the values and weights of occurrence, severity, and detection by linguistic variable. The results are shown in Tables 4 and 5 .
Step 3: Transform linguistic variables into detailed numerical values by trapezoidal fuzzy numbers. Then weights of risk factors and fuzzy rating of failure modes are aggregated to get the fuzzy decision matrix and fuzzy weight of risk factors, as in Table 6 .
Step 4: Aggregate these evaluations given by five experts to obtain an integrated evaluation of the three risk factors. In this paper, we directly use the results of literature [59] , as shown in Table 7 .
Step 5 Step 7: Use the Choquet integral to fuse the evaluations of all risk factors and rank the six failure modes. The comprehensive evaluation value x c of every failure mode can be found with Equation (5). The comprehensive evaluation values are shown in Table 8 . It can be seen that the comprehensive evaluation value of every failure mode is still between 1 and 10, which reflects the specific risk level of the failure mode (between 1 and 10) and the fuzzy integral value has a clear physical significance.
Step 8: Prevent and improve the failure mode. Domain experts or decision makers can give priority to making the effective precautionary measures and emergency response schemes.
As a comparison, the literature [59] gives the failure model risk evaluation results and ranking based on the VIKOR method, as shown in Tables 9 and 10 . Among them, S, R, and Q are represented the three ranking indexes of VIKOR method, respectively. It can be seen in the ranking of failure modes based on VIKOR method, the ranking of S index is FM 3, FM 2, FM 6, FM 1, FM 5, and FM 4; the ranking of R index is FM 6, FM 3, FM 2, FM 5, FM 1, and FM 4; and the ranking of Q index is FM 3, FM 6, FM 2, FM 5, FM 1, and FM 4. The ranking result by the Choquet integral is as same as the ranking result by R index and is only different with the first and second ranking by Q index. Every method can draw a conclusion that FM4 is the lowest risk mode of failure. It can prove the method we propose is effective by comparison with the VIKOR method. What is more important, the comprehensive evaluation value by fuzzy integral fusion has a more definite physical significance and can be regarded as the risk degree of failure mode. The risk of the six failure modes is ranked by FM 6, FM 3, FM 2, FM 5, FM 1, and FM 4, using the proposed method. It is no doubt that FM 4 has the lowest degree of risk, because occurrence and detection both are the lowest, and severity is only slightly higher than the lowest one. The highest occurrence of the occurrence failure mode is FM 3, the highest degree of severity is FM 6, and the most difficult of detection is FM 3. Although FM 3 has the highest value in both occurrence and detection, FM 6 has the highest value only in severity but the weight of the severity factor is the highest. Therefore, the final ranking of FM 3 and FM 6 depends on both the weight of the risk factor and the crisp evaluation value. Using the fuzzy integral fusion method given in this paper, we find that FM 6 has the highest risk degree, which shows the effectiveness of the proposed method. 
Conclusions
FMEA is a useful and important approach to examine potential failure by the risk priority number. The traditional RPN approach is criticized in many aspects, especially in transforming linguistic variable and considering no difference among risk factors' weights. Fuzzy set theory is a classical method to transform linguistic variables into crisp values. Also, a fuzzy measure and fuzzy integral are appropriate methods to take the difference and relevance of weights into consideration. In this paper, a new method based on fuzzy integral fusion is proposed to solve the issue of the weights' difference and relevance about risk factors. In the proposed method, the λ-fuzzy measure is generated according to the weights of the risk factors given by the domain expert and then the Choquet integral is used to fuse the crisp evaluation values to obtain the comprehensive evaluation results. Finally, the effectiveness of the proposed method is shown by comparing the result of a medical risk management system with different methods. By using the proposed method, the comprehensive result can reflect the specific risk level of the failure mode because in the model the comprehensive evaluation value of the fuzzy integral is in the range of 1-10. So the result has a definite physical significance and is easy to be understood and applied. In addition, the proposed method can be effectively used in a group decision question, uncertain decision making environment, and so on.
Further research will focus on the following directions. Firstly, we need future research to perform a comparative study with the obtained results. Secondly, the uncertain information should be considered in FMEA. A fuzzy measure and fuzzy integral can be used when we can obtain the evaluation value and weights of the three risk factors. However, in some situations, diversity and uncertainty of the risk factors can not be ignored. We need to develop a new method to obtain the evaluation value and weights of uncertain information and fuse them by a fuzzy measure and fuzzy integral.
